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E Q U A T I O N  F O R  T H E  S T R U C T U R E  F U N C T I O N  O F  A T U R B U L E N T  

S T A T I O N A R Y  I S O T R O P I C  V E L O C I T Y  F I E L D  A N D  I T S  S O L U T I O N  

IN T H E  I N E R T I A L  S C A L E  I N T E R V A L  

V .  A .  S o s i n o v i c h  UDC 532.517.4 

A closed equation is obtained for  the s t ruc tu re  function of a turbulent  s ta t ionary  i so t ropic  veloci ty  
field and the equation is solved in the iner t ia l  scale  in te rva l .  

1. A closed equation for the s t ruc tu re  function of a turbulent  i so t rop ic  nonsta t ionary  veloci ty  field is 
obtained in [1, 2]. In this paper ,  we a t tempt  to obtain the s ta t ionary  fo rm of this equation and solve it in the 
iner t ia l  sca le  in te rva l .  

In o rde r  to obtain the s ta t ionary  fo rm of Eq. (22) in [2] for  the s t ruc tu re  function D(r), it is n e c e s s a r y  to 
pass  in this equation to the l imi t  t > ~ and calcula te  the in tegra l  over  the t ime  va r i ab le .  However ,  in so doing, 
it is n e c e s s a r y  to take into account the fact  that the in tegrand on the r ight  side of this  equation depends on t ime  
explicit ly and through the function being sought. The t e m p o r a l  dependence of the function D(r, T) on the r ight  
side of the equation, genera l ly  speaking,  cannot be neglected,  s ince the in tegral  over  ~- is calculated f rom T = 0 
to t --~ r It  is c lear  that for  ~" close to ze ro ,  the functions sought depend s t rongly  on t ime .  However ,  when 
some cer ta in  conditions a re  sa t is f ied,  this  dependence can be neglected and the in tegrat ion over  ~- can be c a r r i e d  
out. We will obtain these  condit ions.  

One of the t e r m s  on the r ight  side of Eq. (22) in [2] can be wri t ten in the fo rm 

i i d'~ k~(p,n, q)(p(p,'~), (1) It co dp ( t  - -  T) s 

0 0 

where k~ is defined by Eq. (28) in [2]; he re  and in what follows, we w i l l u n d e r s t a n d  the symbol  q~ to mean the 
pa r t  of the integrand which depends on T through the functions sought and does not depend on T expl ici t ly .  
Changing the va r i ab le  of in tegrat ion v accord ing  to the equation (t - ~.)-1 = z and using Eq. (28) in [2] for k~, 
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we ob ta in  

It co ~ dp 2 i dzz~ (p, n, z)z2m-2q)(p, l - - z  -l) - } - . . .  (2) 
b rn=l I / t  

H e r e ,  on ly  one of a s e r i e s  of  t e r m s ,  a l l  of  which  can  be  a n a l y z e d  in a c o m p l e t e l y  a n a l o g o u s  m a n n e r ,  i s  w r i t t e n  
out. 

We substitute in (2) the expression for r in the form (29) in [2] and find 

Itc~ d9 ~ dzexp[zXA2(n 2 -  1)(pZn z -  1)1 • {q)[zA(1--pa2)]+q)[zA(1 l-pn~)l}z2'~-2q)(p, t --z-q,  (3) 
0 r n = l  1/ t  

A =  r/'/'~nD(p, r ) ;  and @(x) i s  the  p r o b a b i l i t y  i n t e g r a l .  I f  we u s e  the  e x p a n s i o n  of  the  funct ion  @(x) in  a 
s e r i e s  ( see  Eq.  8.253(1) in [3]), then  the  e x p r e s s i o n  for  I t can  be r e p r e s e n t e d  in the  f o r m  

3 ~ 

I t~  i dp ~ ~.~ S dzz2U"+h)-' {exp[--zeA2n2(1--Off] • %(P, t --z-a)+ exp[--z2i2n2< 1 + P)~]%(9, t--z-~)} (4) 
0 r n = l  k = 0  l / t  

The m e a n i n g  of  the  func t i ons  qo t and  (02 in (4) i s  the  s a m e  as  tha t  of  go in Eqs .  (1) - (3) .  

We a s s u m e d  tha t  t h e r e  e x i s t s a r e l a x a t i o n t i m e  t r such  tha t  i f  ~" > t r ,  t hen  the func t ion  sought  D(r ,  ~-) does  
not  depend  on the a r g u m e n t  % The  cond i t ion  tha t  the  func t ions  of z in (4) be  s t a t i o n a r y  h a s  the  f o r m  

t > t r + z- ' .  (5) 

The i n i t i a l ,  i.e., s t r o n g l y  depend ing  on the  t i m e  a r g u m e n t ,  v a l u e s  of the  func t ions  a r e  r e a l i z e d  for  t - z -1 --* 0. 
l 

( +1 If, in t h i s  c a s e ,  t ~ co, t hen  z -* 0.  H o w e v e r ,  on ly  the  v a l u e s  of  func t ions  fo r  which  z = z~ ~ m + k -  2 la(• 

w h e r e  ~(•  An(l_+p) , g ive  the  m a i n  c o n t r i b u t i o n  to the  i n t e g r a l  o v e r  z .  T h i s  fo l Iows  f r o m  the fac t  t ha t  the  
funct ion  z -~ e-z~c~(+-) has  a m a x i m u m  for  t h e v a l u e  z = z  m ,  But ,  i f  z = z~=/=0 , then  i t  i s  a l w a y s  p o s s i b l e  
to  c h o o s e  t such  tha t  the s t e a d y  s t a t e  cond i t i on  (5) be s a t i s f i e d  for  z = z m,  Indeed ,  the  r i g h t  s i de  in the  e q u a l i t y  

1 ) (6) t> t r+a(+) /  m + k - - - - ~  

i s  a l w a y s  f in i te  i s  a bounded  f low,  s i n c e  

rL 

w h e r e  L i s  the  s i z e  of the  s y s t e m ;  ~,2 i s  the  m e a n - s q u a r e  va lue  of the  f l uc tua t ing  v e l o c i t y .  

If  the  f low is  in f in i t e ,  then  

(7) 

rLr (8) 
, 0;(+_)r , 

w h e r e  L r i s  the  m a x i m u m  s i z e  of  v o r t i c e s  which  have  a d i r e c t  e f fec t  on v o r t i c e s  wi th  s c a l e  r .  The e x i s t e n c e  of  
L r < ~ i s  the  s e c o n d  a s s u m p t i o n  n e c e s s a r y  for  cond i t ion  (6) to be s a t i s f i e d .  Thus ,  two a s s u m p t i o n s  a r e  i m -  
p o r t a n t :  a) the  e x i s t e n c e  of a r e l a x a t i o n  t i m e  t r < ~;  and b) q u a s f l o c a l  n a t u r e  of  the  i n t e r a c t i o n  of  f l uc tua t i ons  
o f  d i f f e r e n t  s c a l e s :  L r < ~o. U n d e r  t h e s e  a s s u m p t i o n s ,  the  d e p e n d e n c e  of  the  r i g h t  s ide  of  Eq.  (23) in [2] on T 
can  be n e g l e c t e d  for  t :~ t r and,  s e t t i n g  t --~ :% the  i n t e g r a t i o n  o v e r  the  v a r i a b l e  1" can  b e  c a r r i e d  out .  

In go ing  o v e r  to the  s t e a d y - s t a t e  f o r m  for  the  equa t ion  fo r  D(r ) ,  we o m i t  a l l  t e r m s  p r o p o r t i o n a I  to d e r i v a -  
t i v e s  with r e s p e c t  to t i m e  and a s s u m e  tha t  in t h i s  c a s e  the  fo l lowing  r e l a t i o n  i s  v a l i d  [4]: 

e a = l i m  15 v D" 
~,~o 2 -  r - ~  ~ (or) = ~, 

i . e . ,  the  m a g n i t u d e  of the  e n e r g y  d i s s i p a t i o n  b e c o m e s  equa l  to the  m a g n i t u d e  of  t he  p u m p i n g .  

The equa t ion  fo r  D(r)  t a k e s  the  f o r m  

D (r) = V'2rr- ). d9 ~ )  ~ (9, r). 
0 

(9) 

1179 



Here  

Y)(p, r ) =  k~(p,n) D;'p(9, r)nz, 4- 2~r pzn,= q--~ern,, 4- 8D,/2(pr ) - -V-Nk~(p ,  n)-b 
l= l  -= 

2 

-+- 6Da/ 2 (Pr) t=l k] (9' n) --~- Dpp (pr) "q, + er P2% --k - ~  ~r'cl3 Mj (p, r). (I0) 

tionIn Eq.is (10)introdueed:MJ(p, r ) ,  r/lp , and "rlr a r e i n t e r p r e t e d a c e o r d i n g t o  Eqs  . (24) and (25) in [2]. The following new nota-  
t 

k} = lira 2nZA z S d,r l t .= ( t - - . c )  ~ ki(p, n, q), j = 0, 1, 2, 3; 1 = 1, 2, (11) 
0 

t 
2n~A z ~ dz 

kj = lira - -  - -  l~= V ~  ( t - - . ) a  kj(p, n, q), i = l, 2, 3. (12) 

The quant i t ies  k](o, n, q) and kj(0,  n, q) a r e  defined by Eqs .  (28) and (30) in [2]. Subst i tut ing these  e x p r e s s i o n s  
into (11) and (12) and r ep lae ing  the v a r i a b l e  of  in tegra t ion  us ing  the equat ion 'r = - A z  -1 +t ,  we obtain the fol low- 
ing equat ions  for  ea leula t ing  k~ and kj: 

5 5 
_ _  . f f  . . . .  (c) t~a.,.(s) , ( 1 3 )  k S = ( n  2 1 ) ~ p  2h Z [aS'~l~2nz_i -F- jh.~2m--l'~JC/kT2m--1], 

k=O m=l  

3 3 

k , - -  n ( u 2 - - 1 ) Z 9 2 h Z [ a % @ 2 ~ + p - , b a . , . ( s )  . . . . . . .  (~) , 
W2ra--2 ~- t']hW2m--2]. (14) 

k~O m=l  

Here ,  the following notation is  used: 

~z : 2 dzzZ~.(p, n, z); (15) 
0 

[~I c) ] = ch (2zZnZ9) 
~I~) = 2 oS dzzt exp [-- z2n z ( l +  p2)1 sh(2z2nZ9) ' 

where  the e x p r e s s i o n  for  r n, z) i s  defined by Eq. (29) in [2]. Ca lcu la t ion  g ives  the following r e su l t s :  

(16) 

~1 /2  
@~= ~/~  arctg 1 

- -  n 2 (1 + p 2) - -  t 
2 

n(n 2 1~]---- 7p 2 ) ' ~* ~ ~ ' p < l '  

i V~-p 1 
( n ~ l - ~ - l ~ b Z ) - ,  if 9 < - ~ -  or 9 > 1 .  

(17) 

(18) 

The va lues  of  the in teg ra l s  r for  o ther  va lues  of  l a r e  ca lcu la ted  f rom the r e c u r r e n c e  equat ion 

~t+2 -- ~ ( l +  1) inl l --PZll t+ ' (9 n z -  l) t _ _ ( p n Z ~  1)[l__pll+l l 

Here  r(x) i s  the g a m m a  function; 

F = ( n z -  1)(1 --pzna); 

r ( l - ~  ' -1)[(1-4- p)'+' • l1 - -  p]'+'l 

2~+t 11 __ pzlt+ 1 

,,}- (19) 

(20) 

(21) 
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U s i n g  t h e s e  r e s u l t s  a n d  the  e x p r e s s i o n s  fo r  t he  c o e f f i c i e n t s  a ,  b,  and  c p r e s e n t e d  in  A p p e n d i x  A in  [2], 
l and  k j :  i t  i s  p o s s i b l e  to o b t a i n  e x p r e s s i o n s  for  kj 

k ~ =  1 ~ 
~ -  [a i (p, n) + b] (9, n) ~ (9, n)], (22) 

where 

{p, n) = 

1 - -  92 ]/--md 1 
arctg �9 i f  p ~ - - ;  1 

--L-~ nZ(1 q- p 2 )  - 1 n 
2 

1 
2 (1 - -  pZ)/m, if P = - -  ; 

n 

1 1 - - 9  2 l"m-d , if p ~ - -  ; 
ar th __1 n~(1 q_ 92 ) __ 1 n 

2 

(23) 

d = p 2 n 2 - - 1 ;  r n - - n  2 - 1 .  

The  m a t r i c e s  af(p,  n) a n d  b~(p,  n) a r e  s o m e  p o l y n o m i a l s  in  p o w e r s  of  02 wi th  c o e f f i c i e n t s  d e p e n d i n g  on  n2: 

n 2  
= l  dana; a l = d 2  m ( _ l  +p2); b ~ = d 2 m  - -1  + y - ~  a~176 = an; b~176 2 

[ - ~ p ~ )  ; ~a~o =--d2mp2; b~o=d2m(1--p2 @ )  ; a ~ 

q- 3n 2 -  p2n2); b ~ = d 2 n ---g-; 

= d n - ~ ( - - 2  + 

boo = -  d z m~ ; 

aa = d -~- ; On= 2 

q- p2nZ); a~. (2 - -  15n = q- 1392n=); bl = -~- m a ( - -  4 ~- 5n 2 - -  02n2); 

d 
a 2 = ~ [ ( - - 1 1 + 2 5 n  aq- 7n ~ - 3 n  6 ) + 9 2 ( 2 0 n  a - 5 8 n  t + 2 n  6 ) +  

+ p ~ ( - -  6n ~ + 24n6)]; b~ = 3 d [(--  1 + 9n 2 - -  3n ~ q- tz 6) + 9 a (2tz 2 - -  

1 
- -  14n ~) q- p~(--  2n ~ + 8n6)]; a~ = - ~  [(--  3 q- 9n z +- lltz ~' - -  15nn) + 

- 3 m2(3 q- 5n 2 -  3p2nZ); +pz(---3n2--2On~+ t9n6)q-p~(6n~--4n6)]; bla -~ 

3 
a~ = ~ [(--  24 q-- 60n 2 - -  28n ~ q- lOn 6 - -  3n 8) + p 2 (48n z - -  112n ~ - -  

- -  5n 6 - -  36n 8 - -  12n m) @ p~ ( - -  42n ~ + 115n 6 - -  27n 8 - -  n ~o) + 

+96(18n~--48nSq - 15nl~ b ~ =  9 2n---- ~- [(4 + 4n 2 -  4n ~ + n 6) + 

-t- P=(12 - -  46n 2 + 29n~- -  14n G + 4n. 8) + p~(--  18n = q- 53n ~ - -  23n ~ + 

2 3din [__ 2 + 3 n  s)~_p6(6n ~ _ 1 6 n  6+5n8) ] ;  a 2 = -  , + 
n 4 

3 q- P2(5n2-- 3n~)]; b ~ 2 = 9dm2pZ; a~ = ~  [(6~6n2+8n~--6nS)+ 
2 n ~ 
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+ p 2 (--  21 n z + 19n ~ -}- 7n 6 - -  9n s) q- p~ ( 15n a - -  28n~ + 15nS)l; 

9 
- ~  m z [2 q- pz (3 q- 3n 2) =- 3p~n~]; 

(24) 

m 

k~(o, n) = 2 - ~  

! 

1 - - o n  ~ k / (p ,  n), if p <  I 
(t - -  O) 3 n ~ ' 

0 , ff 1 < P <  l- 
n ~. 

p - l k / ( p ,  n) , if p > l ;  

k[ (p, n) mZ {[--3-[-3n2-{-p~(lln~--3n*)+ 
n~d (1 - -  p)2 

q-p~ ( - -n2+ 1 ln~+2n6)+96 (6n~--n6+ 3nS)+p s (--3n6--6nS--3ntO)] q- 

q-p [--6nZq-p 2 (2nZq-2n~)-?p ~ (--22n 4-16n6)q-p e (12neq - 12na)]}; 

k~ (p, n) = ~ ;  k~ (p, n) = m{[l--p~nZq-p~(nZ+n~)]q-p [--2pM~]}; 

k~ 1 (p, n ) =  m; k~ (p, n ) =  {[(--3--}-3n')-k-p~(~3--b9n"--n ~ -  
d(1 -- p)2 

(25) 

(26) 

3n 6) q- pa ( - -  9n ~ -  12n ~ -4- 29n 6 q- 2n s ) q- p6 (__ 3n 2 + 10n~- -2n  e -  18n s q- 3n TM ) -4- 

+pS (3n ~ - -  2n s _ 3nlZ)l+p [ ( 6 -  6na)+p2 ( - 6n ~ -  4n'~+2n~)-{ - . 

+p~ (12nZq-4n ~ - -16nS)+p r ( - -  12n'-}-4n~q-4nSA - 12t~'~ 

> 1 k3 (9, n) = - ~ - [ ( 3 -  3n 2 -  2n')+p~( - 3ng+5n4)l. 

II.  Le t  us  p r o c e e d  to s tudy Eqs .  (9) and (10) in the i ne r t i a l  s c a l e  i n t e r v a l .  The  i n e r t i a l  i n t e r v a l  i s  d e t e r -  
mined  by the condi t ion [4] ~/<< r << L,  w h e r e  L i s  the ou t e r  s c a l e  and r / i s  the  K o l m o g o r o v  t u rbu l ence  s ca l e .  

In the i ne r t i a l  i n t e r v a l ,  t h e t e r m s  azv and CO(L)2 d rop  out  o f  E q s .  (9) and  (10). The  f i r s t  t e r m s  

a r e  r e l a t e d  to the d i r e c t  ac t ion  o f  v i s c o u s  f o r c e s  and the second  a r e  r e l a t e d  to the  d i r e c t  ac t ion  of  l a r g e  v o r -  
t i c e s  on v o r t i c e s  with s ca l e  s i ze  r .  A c c o r d i n g  to the  def in i t ion of t h e  i n e r t i a l  i n t e r v a l ,  both  a r e  s m a l l .  Tak ing  
this  into account ,  as  wel l  a s  Eqs .  (25) in [2], we obtain  the  equa t ion  fo r  the  s t r u c t u r e  funct ion in the  i ne r t i a l  
i n t e r v a l  

t~ 

y { 3 ' 1 p2 k~(p, n) e r a  8D,/2(pr  ) D ( r ) = ~  dp D1/~(pr) 
0 

2 [  - ] } • - -V~2nki (9 ,  n ) +  6DS/2(pr ) 15 er M~(pr) . 
/ ' = 1  

X 
(27) 

H e r e  Mj(pr) ,  j = 1, 2, 3, a r e  def ined  by Eq.  (24) in [2]. 

In so lv ing  (27), it t u r n s  out tha t  the  i n t e g r a l  o v e r  p on the r i g h t  s ide  of  th i s  equa t ion  d i v e r g e s  at  inf ini ty .  
Th is  i s  r e l a t e d  to the fac t  tha t  the  r i g h t  s ide  of th is  equat ion  con ta ins  an inf ini te  cons tan t .  In o r d e r  to e l i m i n a t e  
it, i t  i s  enough to d i f f e r en t i a t e  the  le f t  and r i gh t  s i de s  of  th is  equa t ion  with r e s p e c t  to  r and  then  to so lve  the 
r e s u l t i n g  d i f fe ren t i a l  equa t ion .  F o r  conven ience  in d i f f e ren t i a t i ng ,  we  r e w r i t e  Eq.  (27) in the f o r m  
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1 S ), 
0 

8D1/2 (y)- X (28) 

3 q 

X ~ d  [--.~. 2 ~ k,( y_y_, n)+ 2e 1 2 n) M,(y)}. 
45D a/2 (y) r = 

/ = 1  

Differentiating the left  and right s ides  of (28) with r e spe c t  to r and introducing the definition 

1 D~ (r), P (r) = - ~  

we obtain 

(29) 

P(r)-- ]/.~_~ ~ dy Y 1 
, 16D 1/2 (y) 

0 

• ~ [ ~ G , ( - ~ , n )  2s r 2. (9)}, (30, 

/ = 1  

where 
d 1 d 

G~ ( -~ ,  n ) =  --rZy--~r [-77 k~ ( Y ,  n ) ] =  ~-p [pZk~(p, n)]lp=_~; (31) 

0 

4 7 y@x 
1 

n = l  k = - - 6  ly--xl 

Equation (30) can be viewed as  an equation for the function P(r) in the inertial  scale interval.  Such a function 
was f i r s t  examined in [5]. In so doing, an argument  was given in [5] supporting the fact that it is this function 
that can be the object  of the theory  of  turbulence in the universal  scale  interval.  In the inertial scale interval,  
the functions P(r) and D(r) in Eq. (30) mus t  have the following form: 

P (r) = 1 Cs2/ar_l/3, (34) 
3 

D (r) = Cs21ar 2/a. (35) 

This follows f rom dimensional  analys is .  The next problem is to determine the values of the constant C in Eqs. 
(34) and (35). Substituting P(r) and D(r) in the form (34) and (35) into Eq. (30), we obtain 

+ 

0 

a (36) 

i= 45C-~72eY 
In writing (36), we took into account the fact that inthe inert ial  interval 

= / ' ] / / 1 +  L)(Y~) --2. (37) 
YP(Y) Y 

The express ion for Mj(y) in the inert ia l  interval  has the form 

1~i (y) = ~ C2e413y4/alj, 
9 

where the constants Ij a r e  defined by the following expression:  

(38) 
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1 bi (x) + [(1 + x) h+~/a- l1 --x[h+5/3]. 

0 k ~ - - 6  

(39) 

In the las t  equal i ty ,  we used  the  nota t ion 
4 

= 

n ~ l  

The m a t r i x  fl, which is  def ined by Eq.  (23) in [1], has  the following f o r m  in the ine r t i a l  in terval :  

(40) 

L _ 

1/9 

1/3 
1/3 
1 

(41) 

A calcula t ion,  making use  of  Appendix B in [2], l eads  to the following r e su l t :  

2 I lj ~ 15 . 
7 

(42) 

Substi tut ing in (36) the  e x p r e s s i o n  for  Mj(y) in the f o r m  

we obtain 

C= V 2nl--: i dPP2/~ {-- 2 ) + - -  
0 

We in t roduce  the fol lowing notation: 

(38), dividing both s ides  of the equat ion by 1/3~2/3r2/3 ' 

L~ = -- i dpp2/3GJ (p' 2), 
0 

K~ = S dpp2/3GJ (p' 2), 
0 

i=1 

3 

IjGj (p, 2) 1 2) I 270C 1/~ Z IjG~ (9, . (43) 
]=1 

] = O, l ,  2, 3, (44) 

] = 1, 2, 3. (45) 

With this  notat ion,  equal i ty  (43) can be r e w r i t t e n  in the f o r m  

3 3 

[ 1 I 1 1 1 2L~ + ~ i=' (46) 

F r o m  (46), we obtain the equat ion for  ca lcu la t ing  the cons tan t  C: 

f 3 ~2/a 

I V - - ~  270 "= 

12 Z IjKj 

(47) 

In o r d e r  to  make  use  of this  equat ion,  i t  i s  n e c e s s a r y  to know the  va lue  of the i n t eg ra l s  (44) and (45). The func-  
2 and Gj in the in tegrand  can be ca lcu la ted  f r o m  Eqs .  (31) and (32). The r e s u l t s  a re :  t ions  Gj 

G~(p, 2 ) - -  6p [ --1+49~--12p~+ 12p 6 ] 
( 4 0 2 -  1) 2 (302-- 604) + 1 - -  O 2 - -  ~p(O' 2) , 

(4P 2 __ l) ~ + i39 p2 + 352 p* - -  158p e + 264 pS + 

1 ] + 1 - -  P2 ( -  5 - -250p 2 -  339# - -  106p 6 + 5809 s - -528p i~ ~ (p, 2) ; 

1184 



99 [2  + 64 z: _}_ 
G 2 (9, 2) -- 8 (492 - -  1) 3 9 .~-]- 72 9 ~ 

] 1 
-}- 1 - - 9  ~ ( -  1 4 4 9 ' + 7 2 9 ' - -  14496)~(9' 2) , 

< (9, 2 ) -  3o [ + 9, + 3659,-  32498 + 
( 4 0 2 -  1)' 

1 ( - - 5 4 - -  1 2 4 2 9 ' +  819~+ 16296+ 6489s)~(9, 2)]. 

(48) 

Here ,  the funct ion ~b(p, 2) is def ined by Eq. (23) with n = 2. If  we use  the expans ion  for  the funct ion r 2) a round  
the point  p = 1 /2  in the f o r m  

2 
lim_,(p) = ~ -  (1 - - p  2 ) + ~(492- 1) ~- ( 4 9 2 -  1)z+ ~-~-(49 - -  1)3-} - �9 �9 , (49) 

p ~ y  

then it can be shown that  the funct ions  G](p, 2) do not have s ingu la r i t i e s  at  the point  p = 1 /2 .  

Using the expans ion  of  the funct ion r 2) in a s e r i e s  for  p --* r 

l i m , ( p ,  2 ) = ( l - - o z ) [ ~  - I 1 1 l 
~ 7 +-4 7 + . . . .  (50) 

it can be shown that  for  p - * ~  all funct ions  G](p, 2) have the f o r m  

Aj B j L 
~imGj(9, 2 ) =  --~--]- 95. (51) 

A study of  the funct ions  G](p, 2) for  p --* 1 shows tha t  they all  have at this  point  an in tegrab le  s ingu la r i ty  

lira 2 Gi (P, 2) -~ In l1 - -  p]. 
p ~ l  

The e x p r e s s i o n  for  the  funct ions  Gj(p, 2), j = 1, 2, and 3 has the  f o r m  

(52) 

Gj(9, 2 ) =  
/ ~ / ,  if 0 < 5 - ,  

O, if l ~ p < l ,  

G/, if P )> 1, 

(53) 

where  

' G{ = 
27p 2 

32(t 9)6 (4pZ-- 1) 3 
[ - -27--4369z--17569~--6211296-]  - 

-}- 34073698 4326409 TM - -  2304009!2-} - P (222 - -  12092 + 

+ 228089" - -  2128096 - -  3360000 s + 775680910)]; 

G~ 27( - -  P ~  403) �9 
4 (492 - -  1)3 

G2 < -- 992 [ - -  3 -]- 2092 - -  4049 ~ + 608 p~ + 
8 ( 1 - -  p)~ (49 z - -  1 )z 

-}- 9609 s -~ p ( 1 6 -  80p 2 @ 976ps--2336p6)1; G2 ~ -- - -9p ; 
4 (492 - -  1 )2 
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G~ = 3P~ [-- 135 - -  8359 ~ -  177809 t -  
8 (I - -  p)6 (4p2 _ l)a 

- -  134772p 6 ~- i 064240p s - -  1575872p i~ - -  3287296p Iz {- p (990-- 

- -  3360p 2 + i 13192p r - -  321584pe ~ 543072p s ~- 2162304p'~ 

G ~ :  3(41p+2893) 
4 (492 - -  1) 3 

It is easy to see that for p -* ~ the expansion of the functions Gj(p, 2) has the fo rm 

lim Gj (p,  2)  = 

From the proper t ies  of the functions G~(p, 2) and Gj(p, 
and Kj can be calculated. 

J 

As a resul t  of a numerical  integration using Eqs. 

Lo=0.31, L ~ = - - 3 . 5 ,  L.~= 1,75, 

K i : - - 0 . 5 1 ,  K2=- -0 .13 ,  

Substituting these values into (47) and using (42), we find 

C = 0,37. 

Gj D: 
+ 7  + " (54) 

2) mentioned above, it is  evident that the integrals  Lj 

(55) 

(44) and (45), we have 

La ---- - -  12.63, 

Ks --- 0.60. 

(56) 

The value of the constant C obtained is less  than the experimental  value Cex p by a factor  of 5. As shown in [4], 
Cexp ~ 1.9. This d isagreement  (if it is not a resu l t  of e r r o r s  in the calculations) can be re la ted  to the approxi-  
mation used for the function ~0 in the equation for the cha rac te r i s t i c  two-point function (see express ion (7) in 
[1]). The following expression can be used as a co r rec ted  express ion  for  q~ together  with the normalizat ion 
condition: 

= exp {~, [B (0) 0 ~ + [B~ (x) - -  B~ (z)] 0a0~] + ~ [6 (0) ~1 '* + [G (x) - -  G (z)] ~l~'l}, (57) 

where k and ~ are  constants which are  chosen so as to give the best  agreement  with exper iment  in the inert ial  
and iner t ia l -convect ive scale intervals .  In o rder  that C calculated f rom Eq. (47) be equal to 1.9, it is neces -  
sa ry  to choose h ~ 1.815. It is c lear ,  however,  that the c o r r e c t  express ion  for ~o can only be obtained as a 
resu l t  of some variational calculation in the spiri t  of [6]. 

In conclusion, we made several  r e m a r k s  of a general  nature.  The purpose of this work and [1] and [2] was 
mainly to develop a technique for deriving equations for the s t ruc ture  function D(r, t), beginning with a closed 
equation for the charac te r i s t i c  function ~Or,t(0, ~) of the joint probabil i ty density for differences in veloci t ies  
and concentrat ions of a passive admixture at two points of an isotropic  turbulent flow. In going over f rom the 
equation for ~0 to the equations for D, it is neces sa ry  to solve the c losure  problem,  since the r ight  side of the 
equation for ~ includes, general ly  speaking, moments  of all o r d e r s  of  the di f ferences  in veloci t ies  and con-  
centrat ions at two points. The c losure  hypothesis used in [2] that the cumulants,  beginning with the fourth and 
higher o rders ,  are small  is more  of a working hypothesis than a rec ipe  claiming a p r io r i  justification and 
finality. The guiding principles  in choosing a c losure  scheme were considera t ions  of re la t ive  simplici ty and 
some experimental  indications. The use of more  complicated c losure  schemes ,  e.g.,  the scheme proposed in 
[6], or the choice of the form of the function q~, taking into account  nonzero excess  in the probabili ty d is t r ibu-  
tion, r equ i res  much more  calculation than neces sa ry  for rea l iz ing the goals  of the p resen t  work.  

As is evident, the work ca r r i ed  out here  has shown that the method proposed leads to equations for s t r uc -  
ture  functions that differ great ly  f rom the corresponding closed equations obtained with the use of the moment  
formal i sm.  The nature of the nonlinearity turns out to be ve ry  complicated.  In addition to the s trong nonl inear-  
ity of the equations, which is manifested in their overal l  s t ruc ture ,  there  is also a weaker  nonlinear dependence 
of the kernels  of these integrodifferential  equations on slowly vary ing  combinations ~?(y), fl(y), and 7(y), which 
are  determined by quantities of the type y[ln D(y)] etc. 

Analysis  of the s ta t ionary form of the equation in inert ial  scale  interval  shows that all in tegra ls  on its r ight  side 
converge only if we solve the equation for the function P(r) = l /2D'r ( r ) ,  whose physical  meaning is that of an energy 
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density distribution in the scale space r ,  and not for D(r). In attempting to solve Eq. (27) for D(r), it turns out 
that the integral over p diverges.  The situation here,  apparently, is analogous to that encountered in Kreich- 
nan's theory of direct interactions [7]. Sosinovich [8, 9] attempted to eliminate this difficulty by introducing 
into the theory some constants whose values where chosen from the requirements that the integral over p con- 
verge at infinity. However, the approach used in the present  work is better justified, i.e.,  the transition to 
Eq. (30) for the function P(r),  in which all integrals converge. This approach corresponds to Chandrasekhar 's 
resul ts  [5], which confirm that only P(r) can be the object of study of the theory of isotropic turbulence in a 
universal scale interval.  

N O T A T I O N  

D(r), two-point s t ructure function of an isotropic turbulent velocity field; ~, specific pumping rate of 
turbulent energy; ed, specific ra te  of dissipation of turbulent energy; ~, kinematic viscosity coefficient; L, 
outer turbulent scale; C, constant in Kolmogorov's 2/3 law; P(r) = 1/2D'r(r). 
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